Abstract-A computational approach to limit solutions is considered most challenging for two major reasons. A limit solution is likely to be non-smooth such that certain non-differentiable functions are perfectly admissible and make physical and mathematical sense. Moreover, the possibility of non-unique solutions makes it difficult to analyze the convergence of an iterative algorithm or even to define a criterion of convergence. In this paper. we use two mathematical tools to resolve these difficulties. A duality theorem defines convergence from above and from below the exact solution. A combined smoothing and successive approximation applied to the upper bound formulation perturbs the original problem into a smooth one by a small parameter E. As E + 0. the solution of the original problem is recovered. This general computational algorithm is robust such that from any initial trial solution. the first iteration falls into a convex hull that contains the exact solution(s) of the problem. Unlike an incremental method that invariably renders the limit problem ill-conditioned. the algorithm is numerically stable. Limit analysis itself is a highly efficient concept which bypasses the tedium of the intermediate elastic-plastic deformation and seeks the most important information directly. With the said algorithm. WC have produced many limit solutions of plane stress problems. Certain non-smooth characters of the limit solutions arc shown in the examplrz presented. Two well-known as well as one parametric family of yield functions are used to allow comparison with some classical solutions.
The theory of plasticity has become an important scientific foundation for optimal design of metal structures and machinery. It is not that modern designs arc intended to function beyond the elastic limit, they arc not. Plastic designs are more uniform in strength and therefore less prone to weJk links. They are more accurate in predicting failure conditions and thus provide precise safety factors for overloading caused by natural disasters and human errors. Plastic designs also lead to savings of materials and hence a reduction in weight and cost. All these advantages should have attracted a crowd of engineers to research and practice the theory of plasticity. But like good things in life, it carries a higher price tag. Plastic analysis and designs are much more difficult than their elastic counterpart. Plastic constitutive relations are inherently non-linear and non-one-to-one. Mathematical difficulty and the need for large-scale computation involved in solving meaningful problems have encumbered the early development of plasticity and still make the progress of this branch of mechanical science slow.
Recent explosive advances in the capacity and speed of computers have made plastic analysis computationally practical. Growing demands for crashworthy vehicles, accidenttolerant nuclear facilities and earthquake-resistant structures have made plastic designs indispensable. Renewed interest in plasticity has been abreast. Two types of analyses, incremental and asymptotic, have been promoted and pursued.
The asymptotic approach to plasticity is known as the limit analysis. Although the theory was first developed in the 1950s in an od hoc manner, recent work on limit analysis (Maier er al., 1972; Martin, 1975 : Strang ef al.. 1978 Temam, 1984; Yang, 1987) has merged it with an exciting field in modern mathematics known as mathematical programming (Luenberger, 1984) . Benefitting from cross-fertilization and progress made in other fields, a concise architecture of limit analysis has now emerged with new physical interpretation, rigorous mathematical formulation and efficient computational methodology. We shall briefly describe its framework as a mechanics problem, interpret a model H. HC H ~lncl it' Ii 1.a~; of asymptotic behavior of a material. state a variational principle of duality. de\,elop a computational algorithm and finally present some examples. Although the concepts apply to general limit analysis. all discussions in this paper pertain onI> to the class of plane stress problems.
LIMIT

ANALYSIS OF PLASE STRESS PROBLEXIS
From a vector (or function) space point of view, a solution of a mechanics problem lies in the intersection of three fundamental sets. namely the statically-admissible set S. the constitutively-admissible set C and the kinematically-admissible set K. If the intersection is empty. there esists no solution. If it consists of a single point. the solution is unique.
Otherwise. there is a set of feasible solutions of which one may be the most preferred (optimal). The criterion for choosing the optimal solution is facilitated by an objective function. Since Sn Cn K is a subset of S n C. the optimal solution contained in the former is obviously in the latter. The primal (or natural) formulation of a limit analysis problem seeks an extreme point in .S n C as its optimal solution.
The asymptotic behavior of some metals is exhibited by their great ductility. A onedimensional model uses a hardening function. such as that of Ramberg and Osgood (1943) .
to describe the results of a tensile experiment, from the initial yield point to the subsequent (higher or equal) yield points. Classical limit analysis assumes a perfectly-plastic material such that it does not harden or the hardening function is a constant. the yield stress. We shall remove this assumption and only require that the hardening curve asymptotically approaches a constant state of stress, the true limit of the material's stress-bearing capacity.
A three-dimensional model gcncralizos the concept of a yield point to a surface in the space of the stress matrices. R'" '. The surfaces rcprcscnting the initial and subsequent yielding behavior are described by ;I yield function with paramctcrs to account for the hardening behavior. The assumption that the harclcning function has a constant asymptote implies the existence of an envelope that CW~OSCS aII yield surfaces. Wc shall call this envelope the asymptotic yield surface. The states of strcsscs bounded by the envelope arc feasible and a stress state outside the evelope cannot be attained. This model of plastic behavior is called asymptotically perfect.
The elastic property of the material is not needed in the analysis but nor is it explicitly excluded by the constitutive inequality. We only assume a large elastic modulus SO that the deformation remains small before an impending failure. This departure from the rigid, perfectly-plastic model ofclassical limit analysis does not change the nature of the problem, only broadens its applicability. A Lagrangian coordinate system is used to describe deformation and equilibrium about the undeformed state.
A state of plane stress in a thin sheet is represented by a symmetric 2x2 matrix function, whose components arc real functions of (s,_r) and its eigenvalues are denoted by 0, and (T?. also functions of (s.~). A stress distribution in the sheet, being a matrix function defined in a domain D in the (.v.y)-plane, is regarded as a point in the function space R'" '(D). The asymptotic behavior of the sheet for the limit analysis to be presented in this paper is modeled by where u, is a constant. the asymptotic yield stress. and the range of the parameter p guarantees convexity of the yield functions defined by the /I-norm. The use of a norm notation appropriately reflects the intended convesity and conveys the meaning of a bound on the stress matrix. The P-norm reduces to the well-known von Xlises yield function when /I is equal to unity. The cast /j = 0 corresponds to the Frobcnius norm of a matrix and is somctimss chosen for its mathcm;ttical convcnicncc. The proper choice of /I is of course the best tit to the cxpcrimcntal data of iI specific material. The /I-norm family of yield criteria for the range 0 < /j < I and the well-known Tresca criterion arc shown in Fig. I . lncquality (2) defines the constitutivcly-admissible set C c R" '(D).
The statically-admissible solutions of a plant stress problem satisfy the equilibrium equation V-a = 0 in the domain D and the static boundary condition B-II = t on the part of the boundary C'D, where a given traction vector t is prcscribcd. These solutions form the statically-admissible set S c I<' ' '(0) . A limit analysis problem seeks an extreme point in Sn C that maximizes the applictl load in its proportional form, l/t, where y is a positive, real scaling t'actor. The constrained maximization of the objective functional y(a) in the form defines the primal formulation of limit analysis for the plane stress problems. Since the equilibrium equation is linear and the constitutivc inequality is convex. the intersection L = S n C is convex. Problem (3) is a convex programming in the function space R'" '(D). It is also called the lower-bound formulation in plasticity and L is called the lower-bound solution set since every point in L corresponds to a value of q either lower or equal to the maximum value q* sought.
DUALITY
A convex programming problem has a dual problem whose minimum is equal to q*. To construct the dual problem of (3). we begin with the weak equilibrium equation (5) where E = j(Vu+Vu') is the 2 x 2 strain rate matrix and : denotes the inner product operator between two matrices. All such functions. u. form the kinematically-admissible
Since certain non-differentiable functions are admissible in (5). this relaxed variational principle greatly enlarged the set K from the set of compatible strains defined in the theory of elasticity (Timoshenko and Goodier. 1970) . Since u appears homogeneously in (5).
implicitly in E on the left-hand side. we may normalize the boundary integral such that t*udS= I
which also implies that the integral dots not vanish and 0:~ > 0. We shall add (6) to the conditions of kinematic admissibility which will bc dctincd more prcciscly. In terms of the eigenvalucs E, and cz of the 2 x 2 strain rate matrix t;. Inequality (7) is sharp, meaning that equality holds when E is chosen to be proportional to the gradient of the yield function. This sharpness condition
is the well-known normality condition of Drucker (1959) in plasticity, where k is a proportional factor. Represented in the principal stress space of Fig. I , is a principal strain rate in the form of a vector E = (c, E?) associated with a state of yield stress (a, a:) (a point on the yield surface), which is normal to the yield su&ce.
Using (2). (5). (6) and (7), we can establish a sharp upper bound to the functional y(o) by the sequence of inequalities where g(u), the upper bound functional.
depends only on the kinematic functions LIE K. The correct choice of K is studied in the deeper and still ongoing research of functional analysis and calculus of variations (Cesari ef al.. 1958) . A proof of the existence of an absolute minimum for functionals like q(u) has been obtained. The smallest function space. whose elements satisfy the constraints in (I I) and at least one of them produces the absolute minimum of the objective functional, defines K. When the absolute minimum of q(u) is attained, we can realize the duality relation Tf: q(u) = q* = r$4(u).
(12)
In reality. only in the simplest cases can (I 1) be solved exactly. General solutions of (I I) must be obtained numerically. In this paper, the upper bound functional is first discretized. 
where the parameters co and /I as well as the kinematic boundary conditions are absorbed into the matrices A, and the vector C. weakest cross-section, This common phenomenon in plastic deformation is often referred to as localization by Rice (1976) . The non-smooth functions involved in the solutions can cause trouble in some computational methods. Our algorithm has successfully captured this non-smoothness in the limit solutions. The results confirmed certain classical solutions and extended the range of parameters to cover new cases. 
__-
It can easily be shown that each A, is positive semi-definite and t/
CONCLUSION
A gcncral algorithm has been dcvclopcd and successfully tcstcd for limit analysis of plunc stress problems. The algorithm is built on sound physical, mnthcmatical and computational foundations. The parametric /I-norm yield functionscan certainly fit the behavior of a wide class of materials. The duality theorem helps to discern the direction and rate of convergence when an itcrativc approach is applied to either the primal or the dual formulation. When the primal and dual problems are solved simultaneously, the closing of the duality gap provides the true indicator of convcrgcnce, especially in the case when the iterative solution vrctor wanders indctinitcly between equally-acceptable but non-unique solutions. The combined smoothing and successive approximation method homes in robustly on a correct non-smooth optimal solution.
The example problems presented are certainly non-trivial. Even the seemingly-trivial axisymmetric problem provides the comparison with the exact solutions needed for checking the algorithm. It reveals the effect of the hole size. As the radius of the hole approaches zero, the strength of the sheet uniformly approaches that of a flawless sheet. Insensitivity to small defects is a very desirable property of the ductile materials. It also produced new results for a wide class of P-family materials to indicate the trend of formability in the deep drawing process. Furthcrmorc, the collapse loads for the von Mises criterion being equal or greater than that for the inscribed Trcsca criterion lends credence to a long-standing conjecture that a larger constitutively-admissible set will not result in a smaller collapse load.
The problem of the holed or notched tension strip reveals again a major difference between elastic and plastic rcsponsc towards material defects. Geometric variations of the hole and notch with the limiting cases of cracks confirm another well-known conjecture in plasticity, that added weightless material will not weaken the structure. The non-smoothness of the solutions captured by our computation further confirmed the good mathematical analysis that goes into the algorithm.
The large mesh systems. multitudes of material and geometric parameter variations and double-sequenced iterative loops should make the computational task executed for this
